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This “Frontline - Research Excellence Programme” project was awarded to our renowed colleague, Prof.
László Gránásy. He led the work with great profession and enthusiasm but unfortunately he could not put
the finishing touches to it himself, because he passed away two months before the termination of the project.
The following report was written based on the contributions from the other senior researchers, summarizing
the work in chapters corresponding to the main subjects of our studies. The details are available in the
respective publications, each cited with the number it appears in the publication list prepared separately, as
compulsory part of the online submission of this Final Report. For the convenience of the reviewer, this list
is attached to the end of this document.

Nucleation

We reviewed how the conventional phase-field models, that rely on coarse grained order parameters, and
the phase-field-crystal models, that work on the molecular scale while employing time averaged particle
densities, contributed to the understanding of various aspects of crystal nucleation. The examples, which
were selected mostly from our simulations, include homogeneous and heterogeneous nucleation, precursor
assisted nucleation, nucleation in eutectic and in phase separating systems, phase selection via competing
nucleation processes, growth front nucleation (a process, in which grains of new orientations form at the
solidification front) yielding crystal sheaves and spherulites, and transition between the growth controlled
cellular and the nucleation dominated equiaxial solidification morphologies [Ref. 7].

To help in comparing the accuracy and efficiency of the different simulation codes used in the phase-field
community, we proposed several standardized nucleation scenarios as benchmark problems: homogeneous
nucleation with a single seed or multiple seeds, and athermal heterogeneous nucleation where the behavior
of a solid seed near the free growth limit is investigated [Ref. 23].

We investigated two-step nucleation and post-nucleation growth in the framework of phase-field crystal
(PFC) models supplemented with diffusive dynamics (DPFC, corresponding to colloid suspensions) or lin-
earized hydrodynamics (HPFC, corresponding to simple liquids). The structure of the appearing solid was
analyzed via the q6 average bond order parameter, distinguishing between amorphous, medium range crys-
tallike order (MRCO), and crystalline local orders. We have observed that in both models first an amorphous
structure appears, followed by the formation of MRCO, which precede the formation of the stable bcc struc-
ture (see Fig. 1). The post-nucleation and planar interface growth rates predicted by the different models
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were also compared. We found, that nucleation and the post nucleation behavior appear to be less sensitive
to the mechanism of density relaxation than the kinetics of crystal growth. This is so, despite the fact that in
the present studies nucleation took place via intermediate states preferred kinetically relative to direct bcc
nucleation [Ref. 16].

Figure 1: Nucleation and growth in the HPFC model. The left three snapshots show the growth of a single solid
particle, while the graph on the right shows the time evolution of the volume fractions of different structures in the
whole simulation volume. Colors on the left correspond to the colors on the right [Ref. 16].

Within the framework of the HPFC model, we further investigated the early stage of cluster formation. In
addition to the amorphous structure seen before, we identified a layered 2D quasicrystal-like structure that
is periodic in the third dimension, and we found that the stable bcc phase nucleates on these structures in
a heterogeneous manner. Using this model, we also searched for a possible analogue of satellite crystal
formation in the vicinity of the growth front, a phenomenon discovered in molecular dynamics simulations.
We found that interference of density waves ahead of the growth front of uneven shape may assist crystal
nucleation, even if bulk homogeneous nucleation is not yet active. We also investigated heterogeneous
nucleation on a circular substrate in the presence of fluid flow. Under appropriate conditions, fluid flow
may tear off heterogeneously nucleated crystal particles from the surface of a curved substrate, as seen in
colloidal systems [Ref. 24].

The properties of the amorphous solid has been further investigated in the framework of the phase-field
crystal model. With extensive numerical simulations, we determined the distribution of free energy density
values in amorphous systems of varying size. We found that in the thermodynamic limit, the free energy
density of the amorphous tends toward a value that has a slight dependence on the initial state from which
it was formed. The liquid to amorphous transition is found to be first order, with an associated finite free
energy barrier when the liquid is metastable. This is also demonstrated by inducing nucleation events by
adding noise to the initial density distribution. Depending on the strength of the noise, we observed a
variety of nucleation pathways, in agreement with previous results for the PFC model, which showed that
amorphous precursor mediated multi-step crystal nucleation can occur in colloidal systems [Ref. 28].

Structure of single particle biomolecules

Determining the structure of biological molecules is often hindered by the fact that they cannot be crys-
tallized. In these cases, the required structural information can be obtained by recording the diffraction
pattern of a large number of identical particles injected into the X-ray free-electron laser (XFEL) beam
in random orientations. The crucial step of the data processing is finding the orientations of the recorded
diffraction patterns in reciprocal space and reconstructing the 3D intensity distribution. We compared two
orientation methods: the expansion maximization compression (EMC) algorithm and the correlation maxi-
mization (CM) algorithm in terms of efficiency, reliability and accuracy using simulated diffraction patterns
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of biological molecules [Ref. 20].

Phase transitions in systems with competing short- and long-range interac-
tions.

Motivated by experiments on cold atoms in an optical cavity low dimensional systems incorporating both
nearest neighbor and global range interactions are studied. For hard-core bosons formation of a dynamically
generated supersolid state was explored by exact calculations in one-dimensional systems [Ref. 1]. For a
related spin-1/2 XX model we have also determined the quantum relaxation properties of the system after
sudden quenches and properties of non-equilibrium phase transitions have been exactly calculated [Ref. 2].

Low-energy properties of disordered quantum systems

Disorder is an inevitable feature of real materials. Its presence can drastically change the low-energy, low-
temperature properties of these systems. Using different numerical techniques (DMRG, combinatorial opti-
mization and strong disorder RG (SDRG) methods) we explored the phase diagram of quantum Ising chain
with uniformly distributed random antiferromagnetic couplings and uniformly distributed random transverse
fields in the presence of a homogeneous longitudinal field [Ref. 12]. We calculated the distribution of the ex-
citation energy of the random transverse Ising chain in the disordered Griffiths phase by the SDRG method
and – for shorter chains – by free-fermion techniques and the results are compared with the predictions of
extreme statistics [Ref. 17]. We studied the geometrical properties of rare regions in the transverse Ising
model with dilution or with random couplings and transverse fields and studied their relation with the low-
temperature properties of the system [Ref. 25]. Motivated by the compound LiHoxY1-xF4, we considered
an Ising chain with random couplings in the presence of simultaneous random transverse and longitudinal
fields, and studied its low-energy properties at zero temperature by the SDRG approach [Ref. 33]. New
developments in the application of the SDRG method – including random quantum magnets, classical disor-
dered systems and stochastic models with quenched disorder – are summarized in our review paper [Ref. 3].
We have written a popular science review on the present knowledge on glass formation and the structure of
the free energy surface of glasses [Ref. 27].

Entanglement entropy and related topics

Entanglement is a key ingredient of the characterization of a quantum system. In a quantum system a finite,
connected (hypercubic) domain of linear extent L, the points of which belong to the subsystem with proba-
bility p was considered in one- and two dimensions and the leading contribution to the average entanglement
entropy is calculated [Ref. 10]. We used entanglement witnesses to detect entanglement in the XY-chain in
thermal equilibrium and determine the temperature bound, below which the state is detected as entangled.
We also studied the post-quench states in the thermodynamic limit after changing the parameters of the
Hamiltonian suddenly [Ref. 30]. We investigated mixed-order transition in the antiferromagnetic quantum
Ising chain in the presence of a longitudinal field, a scenario that was recently experimentally realized by
ultracold atoms in an optical lattice. We have theoretically checked the properties of the phase transition of
this model [Ref. 21].
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Pattern formation in eutectic and biological systems

The solidification of eutectic systems provide some well known examples for self-organised pattern forma-
tion, including the lamellar and rod two-phase structures. In some cases, e.g., during the layer-wise building
up of components by additive manufacturing, the melting of these structures can also play an important role
in determining the final microstructure. We made analytic and numerical studies to explore the details of the
melting process takes place in eutectic materials [Ref. 29].

Statistical physical modeling was used to describe pattern formation in light emitting bacterium colonies,
which show transitions akin to phase transitions [Ref. 13]. Performing Monte Carlo simulations, we studied
the properties of the transition in a correlated percolation model [Ref. 18]. Using combinatorial optimization
techniques, we studied the critical properties of a related system, the two- and three-dimensional Ising
models with uniformly distributed random antiferromagnetic couplings in the presence of a homogeneous
longitudinal field, h, at zero temperature [Ref. 26].

Complex morphologies, biomineralization

The formation of 3D mineral–organic functional architectures by living organisms is a tremendously active
research field spanning many scientific disciplines. As a result of millions of years of evolution, mollusks, as
well as many other animals, gained the ability to shape mineral crystals into unconventional morphologies
very efficiently. The role of the organisms in the formation of these structures is not to conduct the crys-
tallization process directly, rather to provide the required conditions, such as the protected region, the right
composition and pH, for thermodynamically driven self-assembly. This opens the hope to use traditional
materials science tools, such as phase-field modeling, to describe the process.

Taking the freshwater mussel Unio pictorum as example, the growth of the shell starts with the formation of a
granular layer, transforming to a prismatic and later to a nacreous layer consisting of aragonite (CaCO3) and
chitin. This composite structure provides excellent mechanical properties for the protection of the animal. To
describe this growth form, we performed 2D simulations of structural evolution during the solidification of
the shell within the framework of a phase-field model that was previously successfully employed to describe
complex polycrystalline morphologies. We demonstrated (see Fig. 2) that the observed layered structure
can be reproduced in a model binary system, by providing an outer surface for nucleation to initiate the
inwards growth of the crystalline phase, and by assuming a smooth change in the liquid composition, i.e, in
the driving force. Structural development of the shell in thickness was shown to be the result of a transition
from a fast to a slow directional solidification mode, accompanied by an increased morphological regularity
[Refs. 5, 19].

As a next step, we improved our model by using a moving boundary on the liquid side of the 2D do-
main. In molluscs, crystallization proceeds in a thin, liquid filled cavity, the extrapallial space between the
biomineralizing front and mantle tissue covering it. We modelled this scenario by moving the boundary
of the domain at a rate which provided a constant thickness for the liquid layer ahead of the crystallizing
front. The composition of the liquid is then adjusted via varying the boundary condition along this moving
boundary. By assuming that the animal controls the CaCO3 supersaturation at the mantle, decreasing it ex-
ponentially with time, morphologies resembling the layered structures of shells from three major molluscan
classes, the bivalve Unio pictorum, the cepalophod Nautilus pompilius, and the gastropod Haliotis asinina
could be reproduced [Refs. 9, 19].
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Figure 2: The layered structure of the shell of Unio pictorum. EBSD map (left) vs. our phase-field simulations
[Ref. 5].

Then we focused on the formation of the nacre. Now it was assumed that the organic sheets that separate
the mineral tablets in the final structure are already present when crystallization of aragonite takes place.
The crystallization front may traverse through these organic sheets via holes in them, and depending on
the position where these holes are formed, the final morphology of the nacre can be very different. In the
columnar nacre (found in gastropods and cephalopods) these holes are aligned along the column centers,
while in sheet nacre (seen in bivalves) they are at seemingly random positions. With our phase field model,
treating the organic layers with the holes as the boundary of the simulation domain, we could successfully
reproduce these two different kinds of nacre structures (see Fig. 3). In addition, we showed how the model
parameters, such as anisotropy, wetting properties, etc. can further influence the final structure [Ref. 31].

Figure 3: Phase-field modeling of the formation of columnar (left) vs. sheet nacre (right). In both cases, crystallization
of aragonite tablets (shown in colors depending on their crystallographic orientation) happens in thin layers between
parallel organic sheets (gray). Unpublished images similar to those in Ref. 31.

Another area of biomineralization where we successfully used our materials science expertise was in help
explaining the microstructure formation of coral skeletons. Stony corals are morphologically diverse at the
centimeter scale, but reveal morphological similarities on the microscopic scale. They are well known to
form their skeletons from aragonite spherulites, displaying needle-like aragonite crystal fibers radiating from
centers of calcification. We proposed a new growth mechanism for these spherulitic structures, instead of the
previously assumed non-crystallographic branching. In this, at the growth front, small grains, “sprinkles”
are formed by random orientation, which grow further by competing for space and also coarsen in the bulk
crystal. This mechanism is strongly supported by our phase-field simulations (see Fig. 4), and explain the
microstructural variations across species via changes in the thermodynamic parameters. Interdisciplinary
research combining experimental and theoretical techniques can be a particularly powerful approach for
elucidating the fundamental mechanisms of crystal nucleation and growth [Refs. 15, 19].
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Figure 4: Comparison of the cross sectional microstructure of the skeleton of coral species Balanophyllia europea
(b,c) to our phase-field simulations (d,e). Different colors correspond to different crystallographic orientation [Ref. 15].

Pattern formation and anisotropy in convecting medium

Sponge-like structures commonly occur in biological and artificial self-assembled systems, which are char-
acterized by two bi-continuous phases. A possible route to create such inter-percolating structures is al-
lowing phase separation in a multi-component systems. It is generally acknowledged, that varying the
composition (i.e. the fraction of the phases) leads to either dispersed or bi-continuous phases at asymmet-
ric and close to symmetric phase fractions, respectively. However, in most investigations, the viscosity of
the phases are kept constant, irrespective of the composition. We have shown that applying concentration
dependent viscosity has significant effect on the patterning regimes of the phase-separation, causing asym-
metric regimes in the dispersed/bi-continuous phase diagram [Refs. 4, 6]. We could also used this technique
to study phase separation in systems with technological interest [Ref. 22].

According to recent studies, calcium carbonate in biological systems may not directly crystallize directly
from Ca2+ and CO3

2- ions, but forming amorphous CaCO3 grains first. The transport and ordering of these
grains through a fluid medium may influence the crystallization process and therefore the biomineralized
structure. To be able to simulate the growth of a solid particle that moves with the flow in the liquid,
we developed a model which combines the phase-field and the lattice Boltzmann methods [Refs. 8, 32].
In the framework of fluid-structure interaction (FSI) direct simulations we have examined the scenario of
orientational ordering of anisotropic grains. In a simple case when elongated elliptic particles interacting
with sheared medium; it was shown that orientational order is present in the system. Two distinct regimes
are identified: in the case of a highly viscous medium the particles rotating similar to Jefferey orbits, while
below a viscosity threshold the particles have a small steady angle to the direction of shearing. The latter
regime displays very pronounced ordering in the elongated particle suspension [Ref. 11].

Scientometric data

We published 32 papers in international, peer reviewed journals and 1 article in a Hungarian popular science
journal. The sum of the impact factor of these publications is 191 and, at the time of submitting this report,
they have 366 independent citations registered in the Hungarian Science Bibliography (MTMT).
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